
!
 The Laplace operator is primarily expr essed for 
operation in the thr ee dimensional real space. When 
we refer to the Laplace operator, we are referring to 
the operator restricted to the spherical orbifold we 
are studying.

 As well, our Laplace spectrum isnÕt simply an 

infinite series of !Õs, itÕs an infinite series of eigen-
values of the Laplace operator. Our wave forms are 
essentially eigenfunctions of the Laplace operator. 
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For a function f to be a waveform of the 
(4, 4) Ð football, it must be a waveform of the 

sphere and be invariant by the symmetries Z4. That 
is to say, the function f should not change when rotated 

90 degrees around the z-axis. We define the function f as a 
linear combination of the waveforms of the sphere, such that

 To show invariance, we equate the function f with f after a rotation. In 
spherical coordinates, rotation around the z-axis corresponds to addition on . Thus, 

we wish to find the restrictions to the equivalence

 We expand and break down the equivalence further,

 

Returning to the original equation of the 
waveforms of the sphere,

Since we know each waveform of the sphere does not equal 0, then 
one of the following equations must be true for the previous equation to 
be true,
    or
 
 For the latter to be true,

 By EulerÕs formula, we have,

 
For this to be true, m must be an integer multiple of 4. If m is not 
an integer multiple of 4, then am must equal 0. Thus the only 
waveforms of the sphere that are invariant for the (4, 
4)-football are those such that m is an integer 
multiple of 4.
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ExampleExample

If you were to strike a sphere with a hammer, what 

would the resulting sound be? What about for a 

football? What about for other round shapes? Our 

project is to mathematically determine the wave forms 

of round shapes called spherical orbifolds . These 

spherical orbifolds  that resemble footballs, triangular 

pillows, and hemispheres each possess an infinite list of 

sounds associated to these wave forms. We have so far 

uncovered the pattern of wave forms for three of 

fourteen spherical orbifolds. 

Intr oductionIntr oduction

 The table above describes each spherical orbifold and what 

restrictions apply for waveforms of the sphere to be 

waveforms of associated spherical orbifold. Z above is the set 

of all integers. These results detail the pattern to which 

waveforms fit the associated spherical orbifolds. These 

are only three of 14 spherical orbifolds. Another 

method will be needed to dive into the others. 
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Spherical Orbifold Waveforms
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When you strike a shape, you hear the 

vibrations that fit on that shape.  

What kind of vibrations fit a string?  

Certain functions of sine and cosine. 

In fact, thereÕs an infinite number of functions 

involving sine and cosine that fit on the 

string, each of which give a different 

Òpitch.Ó 

These vibrations, or wave forms, 

satisfy this equation:
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Each  ! gives us a different ÒpitchÓ we can hear.  For 

example, if you strike a shape, you hear one pitch, but if 

you strike it harder, you may hear a higher overtone 

pitch.  If you were to strike it infinitely harder, you 

would hear an infinite series of overtones of that 

shape. We call the related  infinite series of !Õs the 

Laplace spectrum. In our work, we seek to 

find the Laplace spectrum of several 

spherical orbifolds.

Hearing ShapesHearing Shapes
The spherical orbifolds we deal with are 

quotients of the sphere. Essentially, we apply 

symmetries (i.e. rotation, reflections) to the sphere, 

and create our orbifolds. For instance, if you take a 

look at the left you can see a sphere cut into fourths. 

Think of these sections as if they were created from 

rotating the sphere 90 degrees four times. Each section 

would overlap the other sections at each of these 

rotations. Now if you were to roll up all four sections 

so that one section covers all the others, you 

would create a football shape.  We denote 

this shape the (4, 4) football and the 

group of symmetries as Z4.

We know which resonating 

functions fit on the sphere, and we 

know how to create our spherical orbifolds. 

But how does one find the functions that fit on 

spherical orbifolds? The process is difficult but the 

idea is simple: weÕve determined that the functions 

that fit on the sphere are the only functions we need 

consider since our spherical orbifolds are derived from 

the sphere. To narrow down the functions completely, 

we choose the functions that do not change when we 

apply the functions of symmetry that were used to 

form the spherical orbifold from the sphere. A 

more thorough example of functions that fit 

on the (4, 4) - football is displayed at 

the bottom.
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What kind of wave forms fit on the sphere?

(visual examples above)

 

When you apply the spherical Laplacian operator (∆) to each 
of these equations, you get the lamdas (!)

 0,2,2,2,6,6,6,6,6,12,12,12,12,12,12,12,20, 20, 20, 20, 20, 20, 20, 20, 

20,30, 30, 30, 30, 30, 30, 30, 30, 30, 30, 30,42, 42, 42, 42, 42, 42, 

42, 42, 42, 42, 42, 42, 42,56, 56, 56, 56, 56, 56, 56, 56, 56, 56, 

56, 56, 56, 56, 56,72, 72, 72, 72, 72, 72, 72, 72, 72, . . .

More concisedly, the Laplace spectrum of the sphere 

includes all !Õs l (l +1) for l = 0, 1,2,3,..., 

each repeated 2l +1 times.

Hearing SpheresHearing Spheres
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