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Summary

For identically distributed random variablésandY with joint distribution
functionH, we show that theupremum ofH (x,y) = H(y,x)| is /3. Using cop-
las, we define a measure abnexchangeability, and study maximahpne-
changeable random variables and copulas. In particular, we show that maximally
nonexchangeable random variables are negatively correlated in the sense of
Spearman’sho.
Keywords Copula;Nonexchangeable random variables: Spearméao's

1. Introduction

Since their introduction by déinetti in 1930, exchangeable random variables
have found important applications in many areas of statistics: limit laws, extreme
value theory, Bayesian statistics, stochastic processes, etcGg@aepos, 1982)
for a survey of properties and applications of exchangeable random variables).
Formally, a pairX, Yof random variables arexchangeabléf the vectors(X,Y)
and (Y,X) have the same distribution. EquivalentlyHifdenotes the joint distr
bution function ofX andY, then X andY are exchangeable H(x,y) = H(y,X) for
all realx andy. Consequently, exchangeable random variables must be identically
distributed. However, little attention seems to have been focused on the ways in
which identically distributed random variables can fail to be exchangeable, and
the resulting dependence structure.

WhenX andY are not exchangeabld(x,y) ZH(y,X) for somex andy, and the

supremum ofH (x,y) — H(y,x)| can be used to measure the “amount” or “degree”
of nonexchangeabilty oK andY. This quantity can equal 1—for example, when
the supports oK andY are subsets of (0,1) and (1,2) respectively, théin2) = 1
andH(2,1) = 0. If X andY are continuous and identically distributed (as we shall
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now assume), the set of valuegié{x,y) — H(y,x)| for realx andy is the same as
the set of values d€(u,v) - C(v,u)| for uandvin| = [0,1], whereC denotes the
copulaof X andY. In general, the copula of andY is defined implicitly by the
relationshipH(x,y) = C(F(x),G(y)), whereF andG denote the distribution fun
tions of X andY, respectively. For identically distributed random variables (i.e.,
whenF = G), exchangeability is equivalent to the symmetry of the coii(ia))
=C(v,u for allu,vin|.

In a sense, theslationship between exchangeability asmhexchangeability is
analogous to the relationship between independence and dependence. While there
is but one copula for independent random variables (na@{ely) = uv), there is
but one class of copulas for exchangeable random variables (the symmetric
copulas). At the other extreme, there are several forms of “complete” or-“max
mal” dependence—examples includg: X andY are mutually completely &
pendent(Lancaster, 1963) if each is almost surely an invertible function of the
other; and (ii)X andY are comonotong countermonotoneif each random var
able is almost surely an increasing (decreasing) function of the other, oa&equiv
lently, if the copula oX andY is M(u,v) = minu,v) (W(u,v) = max(0y+v-1)). In
this paper we shall construct a measurenafiexchangeability, investigate one
form of “maximal” nonexchangeability, and study the dependence structure of
maximallynonexchangeable identically distributed randonaides.

A few comments on notationvg([a,b] x[c,d]) denotes th€-volumeof the

rectangle ,b]x[c,d], i.e. the probability mass the copulaassigns to that recta
gle, computed via the formulsz([a,b] x[c,d]) = C(b,d — C(a,d — C(b,Q +
C(a,0); C' denotes theansposeof C, given byCT(u,v) =C(v,u); and< denotes
the pointwise partial order for copulas, i.€ < C' if and only ifC(u,v) < C' (u,J)

forallu,vinl.
The following two copulas will plaan important role in the sequel:

Cy(uv)= min(u,v,(u—z/s)+ +(v—l/3)+), 1
Co(uy) =max{Qu+v-1%3- (13- 1) - (3-v)"), )

wherex” = max,0). BothC; andC, are singular, the support & consists of
two line segments in%, one connecting(O,]/S) to (2/3,1) and one connecting
(2/3,0) to (1]/3); while the support ofC, consists of three line segmentsl fn
one connectingﬁo,2/3) to (]/3,]/3), another connectin@]/&l) to (2/3,2/3), and
a third connectind2/3,1/3) to (1,0). See Figure 1.
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2. A Measure ofNonexchangeability

We first show that the quantigl(u,v) -C(v, u)| has an attainable upper bound of
1/3.

Lemma 2.1 For any copula C and anyv inl,
C(uv) - C(v,u)| < min(uv,1- ul-vJu-v). (3)

Proof. Assumeu < v, it then suffices to show thalC(uv)-C(v,u)| <
min(ul-v,v—u). First note thatC(u,v)-C(v,u) £ maxC(u,v),C(v,l)) < u.
Also, C(u,v) — C(v,u) <u—-C(v,u <1 —v, where the last inequality follows from
Ve (v, [u1]) = 0. Similarly C(v,u)-C(uV) < 1-v, thus|C(u,v) - C(v,u)| <
1-v. Finally, C(uv) - C(v,u) < C(uv) - C(uu) < v—u, sinceVe([ud] x[uV]) =
0; likewise C(v,u) - C(u,v) < v—u. Hence[C(u,v) - C(v,u)| < v —u, which con-
pletes the proof, as the case u is anabgous. [l

The graph o = min(u1-v,v—u) for (u,V) satisfying 0< u< v < 1 consists
of the upper three faces of a tetrahedron whose base is the triaggle< 0< 1
in the u-v plane and whose vertex is the pc('ﬂ;lB,Z/S,J/S). An analogous result
holds for graph ofmin(v,l- uu-v) for (u\) satisfying 0< v < u < 1. Thus
min(uv,1-ul-v,Ju-v|) < /3 for all uvin I. Furthermore, for the copula®

and C, in (1) and (2).C1(1/3,2/3) - C1(2/3.Y3) = C(/3.2/3 - C(2/31/3 =
1/3, which proves
Theorem 2.2 For any copuleC,

sup |C(wv) - C(v,u)|< % (4)
uvdl

and the inequality is best-possible
Corollary 2.3. For anybivariate distribution function Hvith identical margins

1
sup  [H(xy)-H(y.0)l< 3,
X,y t(mo0,00)
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and the inequality is best-possible
The inequality in Theorem 2.2 motivates the following dé&tn:
Definition 2.4. Let C be a copula. Thedegree ofnonexchangeabilityf C, de-

notedd(C), is given by
S(C) =3 sup|[C(uv) - C(v,u)|. (5)

uvil
The degree ohonexchangeability of a copula can also be viewed as a measure of
copula asymmetry, sind&$C) = 0 if and only ifC = c'.
Example 2.1 Let {CG’B} be the family of asymmetric copulas given by

Cu,p(WV)=uv+uv(l- u)(l—v)[a +(B-a)v(l- u)]

for <1, (J/2)[a ~3-(9+60 —3a2)”2] < B <1, anda # B. The quantity
k:u puv)-Cyg (v,u)| achieves a maximum value brf— B|\/§/125 at the points
Uy = (5-v5)/10,6++6)/10) and ((5++/5)/10,5-v5)/10), and thus
6(Cu ,B) = 3 - B|\/5/125. The values ofi and that maximizen - B| are 1 and
-1-+/3, respectively, and hence the member of this family with the largest d
gree ofnonexchangeability isCl_l_ J3» with 6(C1,_1_ Jg) J0.20.

Example 2.2 Let {Ce} be the family of asymmetric copulas given by

_..0 8 1-26 +0

Co(uV)=minU,s—gv+T—U+v-1 g
for 6 [ [0,1/2]. Each member of this family is singular, with probability mass
uniformly distributed on the line segment joining (0,0@d—-8) and on the line
segment joining®,1-6) to (1,1); and mass 1 -8 iniformly distributed on the
line segment joining®,1-6) to (1,0). See Figure 2. Note thag(u,v) = WU,
and Cyp(uv) = M(u)\). For members of this family, the quantity
pe(u,v)—ce(v,u)| achieves a maximum value 6f1-20)/(1-6) at the points
(uv) = (6,1-6) and(1-6,8). The value o which maximizesB(1-26)/(1-6)

is=1- \/5/2, and hence the member of this family with the largest degree of
nonexchangeability i€,_ 7/, with 5H01_,/§/2% = 3(3—2\/5) [00.515.
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Figure 2. The support @y for6 [ (O,],/Z)

If X andY are identically distributed continuous random variables with copula
C, thenX andY are exchangeable if and onlydfC) = 0. At the other extreme, we
have
Definition 2.5. If X andY are identically distributed continuous random variables
with copulaC andd(C) = 1, thenX andY aremaximallynonexchangeabjeandC
is called amaximallynonexchaneable copula

Observe that the copulas; andC, in (1) and (2) are maximallyone-

changeable. In the next section we study properties of the set of maxoally
exchangeable copulas.

3. Maximally Nonexchangeable Random Variables and Capas
Let Cq, Cy, C3, andC4 denote the following sets of copulas:

¢, ={cic(z3y3 =0}, c, ={clc(y3,2/3)=13,
cy={clc(y323 =0}, c, ={clc(z313 =13.

Note thatC; andC, are disjoint, as ar€, andCgy; a copulaC is in C; (Cy) if
and only ifC' isin C3 (C4), andC; andC, from (1) and (2) are i€y n Co.

With these four sets, we can describe the set of maximalgxchangeable
copulas, find bounds for that set, and examine a measure of associationifor max

mally nonexchangeable random variables.
Theorem 3.1 LetC denote the set of maximaltipnexchangeable copulas, i.€.,

={cp(Cc)=1. Then

(@ C = (c;ncC,)O(Cz3nCy), ie., C O C if and only if either
c(1/3,2/3)=v3 and C(2/3,4/3)= 0, or C(1/3,2/3)= 0 and C(2/3,/3) = /3;

(b) forevery CO C,C U0 CynCyifand only ifC, < C< C;, and CU
C3 n Cyif and only ifcg <C< ClT , WhereC; and C, are given in(1) and (2);

(c) every maximallynonexchangeable copula has the same diagonal section

C(u,u), i.e., forany 1 C, C(u,u) = (u—]/S)+ +(u—2/3)+.
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Proof. (a) If 8(C) = 1, then there exists a poi('uo,vo) in 12 with U <Vg such

that either ) C(ug,vo) - C(vo,Ug) = /3 or (i) Cvg,ug) - Clug.vg) = 1/3. We

show that in casa)( C [ Cq n C», the proof thatC 0 C3 n C,4 in case (ii) is
analogous and omitted. Assume tlﬁ?a(uo,vo)—c(vo,uo) = 1/3. From (3) and
(4), we havemin(ug,1-vo,vg—Ug) = 13, and henceup.vo) = (1/3,2/3). So

c(y3,2/3) - c(2/3,93) = Y3, but sinceC(1/3,2/3) < /3 andC(2/3,¥3) = 0, it

follows thatC(1/3,2/3) = 1/3 andC(2/3,9/3) = 0. HenceC 0 C; n Co.

(b) Let C OC, and assumeC, < C < C;. Hence C(]/3,2/3):]/3 and

C(2/3,]/3): 0, thusC OO C; n C». Now letC U C; n C,. An upper bound for

any copula inCq is C; (Nelsenl999; Theorem 3.2.2), bui; is an element of
both C; andC,, hence it is the least upper bound @y n C,. Similarly, a lower
bound for any copula irC, is C,, but C, is an element of botkc; and C»,
hence it is the greatest lower bound @rn C,. The cas€ [0 C3 n Cy is sim-
lar and omitted.

(c) SinceCy(u,u) = Co(u,) = (u-1/3)" +(u-2/9", it follows from (b) that for
every C0 C; nCyp, C(u,u) = (u—]/3)+ + (u—2/3)+. The same result holds for

COCsnCysinceC’ (uu) =Cuy). O

Note that as a consequence of Theorem 3.1, one-third of the probability mass
associated with any maximalhyonexchangeable copula & n C, is contained
in each of the squard8y/3|x[¥3,2/3, [y3,2/3]x[2/31], and[2/3,1] x [0¥3];
and one-third of the probability mass associated with any maximalty-
changeable copula inC3nCy is contained in each of the squares
[0./3] % [2/3.], [1/3,2/3] x [0/, and[2/3,1] x[¥3,2/3.

If continuous random variablééandY have copulaC, the population version
of the measure of association known as Spearmhaa,svhich we denote Ipg v

or p(C), is given by Schweizer and Wolff, 1981; Nelsen, 1999)

px.y = P(C) =123 [cC(u V) dudv- 3.

Unlike the case of exchangeable random variables, where nothing can be said
about the magnitude aho (or other measures of association, for that matter),
maximally nonexchangeable random variables must be negatively correlated, in
the sense of Spearmamfs:

Corollary 3.2. Let X and Ybe maximallynonexchangeable continuous random

variables If pxy denotes Spearman'sho for X and Y then pyy 0O

[-5/9,-v/3].
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Proof. Let C denote the copula of andY. Thend(C) = 1, and as a consequence
of Theorem 3.1(b), we need only evaluat€;) andp(C,), sinceC < C' implies

p(C) < p(C'), andp(C) = p(CT). Elementary calculus readily establishes that

p(C) = -3 andp(Cy) =-5/9. 0
Other measures of assoomatiyield different results. The population version
of the medial correlation coefficient (8&lomqgvist’s beta) for continuous random

variables with copul& is given byp(C) = 4C(]/2,]/2) — 1. WhenC is a mai¢
mally nonexchangeable copula we ha&él/Z,]/Z) = 1/6 [see Theorem 3.1(c)],
and hencd3(C) = —-1/3 for any pair of maximallynonexchangeable continuous

random variables. However, maximatipnexchangeable random variables may
be positively correlated when we employ other measures of associationnFor co
tinuous random variables andY with copulaC, the population version of Ke

dall’'s tau, which we denote by y or 1(C), is given by (Nelsen, 1999)
_ 1 a1 0
Txy=1(C)=1 4IOIOEC(U,V)WC(U,V) dudv.

SinceC < C' impliest(C) < 1(C') andt(C) = T(CT ), and since(C;) = +1/9 and
1(Cp) = -5/9, we havetry v U [—5/9,+]/9] whenX andY are maximallynone-
changeable continuous random variables.

4. Concluding Remarks

The degree ohonexchangeabilityy(C) in (5) is a normalized.,, distance

between the graphs af= C(u,\) andz = C(v,u). Clearly any other suitably no
malized measure of distance between the surfaceS(u,v) andz = C(v,u) will

yield a measure afonexchangeability. For example, thg distance, ¥ p < =,
given by

1.1 Yp
(kp JoJolcuv) - C(v, u)|pdudv) ,
whereky, is chosen so that the distance lies in [0,1], is such a measure.

Other forms of asymmetry can be treated in a fashion simitaoriexchane
ability. For example, a copufa is radially symmetriqithe form of symmetryxe

hibited by elliptically contoured distributions, among others}(ifi,) = C (u,V)

for all u,vin I, where C denotes the survival copula associated v@thi.e.,
C(u\) = u+v—1+C(1u1~). Thus the quantityC(u,v) - C (uv)| measures
radial asymmetry. Using methods analogous to those introduced in Section 2, it
can be shown that

Cuv)-Cuv)| < min(uv,1-u1- vmax(|u-v,Ju+v —]l))
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and that the right-hand side of this inequality attains a maximufj3oat the

points (J/B,J/B), (]/3,2/3), (2/3,]/3) and(2/3,2/3). Hence, just as in the case of
nonexchaneability,

sup|C(uv) - C(uVv)| < %

uyvil

and the inequality is best-possible sincgip,, k‘/l(u,v)—(_‘/l(u,v)| =
SUR, vl k:z(u,v)—(_lz(u,v)| = 13, where C; andC, are given in (1) and (2).

Thus a “degree of radial asymmetry” can be defined analog@{€}an (5), and
copulas that achieve the maximum value of this measure can be studied.
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