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Some properties ofSchur-constant survival models
and their copulas
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Abstract: We study continuous,nonnegativerandomvariables
with a Schur-constanjpint survival function. We show that these
distributionsare characterizedoy having an Archimedeansurvival
copula,determinghedistributionsof certainfunctionsof the random
variablesandexaminedependenc@ropertiesand correlationcoefi-
cientsfor randonvariableswith Schur-constargurvivalfunctions.
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1 Introduction

LetX = (X1,--,Xp) be avector of n continuous,non-negativerandomvariables
(whichwecall lifetimeg with a Schur-constanbint survival function,i.e., for any x
= (X1, Xp) in [0,00)",

P(X > x) = P(Xg > Xq,-+,Xp > Xq) = S(Xg + -+ + Xp) (1.1)
for anappropriatdunctionS (notethatan inequality betweenvectorsis component-
wise).Schur-constargurvivalmodelsandsomeof their basicpropertiesvere stud-
ied in Barlow andMendel(1993); Caramellinoand Spizzichino(1994,1996); and
Spizzichino(2001). It is immediatethatif X hasa Schur-constanjoint survival
function,thenthecomponentsf X areexchangeableandall the lower dimensional
marginal joint survival functions are also Schur-constantLifetimes with Schur-
constanjoint survival functionsareof interestin reliability theorybecaus®f their
propertyof indifferencerelativeto aging e.g.Barlow andMendel(1993),or the no-
agingproperty,e.g. Caramellinoand Spizzichino(1994). Note thatfor anyi # j in
{1,2,---n}, anyx in [0,00)", andanyt > 0,

S(Xq +---+ Xy + 1)

S+ Xp)

thatis,theresidualifetimes(xi - xi) and(Xj - xj) of two componentsf differ-
entagesx andXx;, respectivelyhavethesameconditionaldistribution.

Somebasicpropertieof thefunctionSin (1.1) arereadily obtained.Settingall
butonecomponentf x to 0 yields P(Xi > xi) = §¥ ), thusSis a univariatesur-

P(X; - % >tx>x)=

= P(Xj ~ X >t|x>x),
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vival function, i.e., Sis continuousandnonincreasingvith S0) = 1 andS») = 0.
Furthermore,§(x; +--- + X,) Mustbe a multivariatejoint survival function.To ex-
aminewhatthisimplies, letx andy beanytwo pointsin [0,0)" suchthatx <y, and
let[xy] denotethen-box[xl, yl] x [xz,yz] X oo X [xn,yn]. Theverticesof then-
box[xy] arethepointsz = (z,---,z,) whereeachz is equalto either x, or yy.

Sincetheprobabilitymassassignedo ann-box [x,y] by Smustbenon-negativethe
inclusion-exclusiorprincipledictatesthat

> sgn@S(z +---+z,) 20, 1.2

wherethesumis overtheverticesz of [xy] andsgng) = 1 if z. = x, for aneven
numberof ks,andsgng) = -1if 7z, = xy for anoddnumberof ks.

Many authas who havestudiedSchur-constardurvivalmodelshavedoneso in
thecontextof absolutelycontinuoussurvivalfunctions,seee.g. Barlow and Mendel
(1993);CaramellinoandSpizzichino(1994,1996);Spizzichino(2001),however,we
will not makethis assumption. We first considerthe bivariatecasein the nextsec-
tion, in orderto studyrelationshipgaging,dependenceorrelation,etc.)for pairsof
componentsf X in Section3. In Sectiond we studythe casethe caseof arbitrary
n. In eachcaseveshowthatX hasanArchimedearsurvivalcopulawhosegenerator
is theinverseof S

We concludethis sectionby examiningindependentandomvariableswith a
Schur-constardurvivalfunction.

Theorem 1 Let X be a vectorof n = 2 lifetimeswith a Schur-constansurvival
functiongivenby (1.1). Thenthe component®f X are independenif and only if
theyare exponatially distributed.

Proof. Assumethe component®f X areindependentandlet x be any elementof

[0,00)" . Partitionthecomponentsf x into two nonemptysetssay { X%} and
{x . % } for somembetweenl andn-1,inclusive. Then Su +v) = JU)§V)
whereu= ¥ +---+x; andv= % __ +--+x . ThusSsatisfiesCauchy’'seque
tion on [0,0), andthesolutionis given by St) = e , with A > 0 sinceSis nonn-
creasingHenceeachcomponenbf X is exponentiallydistributedwith parametei.

Theconversas trivial. a

As a consequencdhe “no-aging” property of randomvectorswith a Schur-
constansurvivalfunctionis ageneralizatiorof the “lack of memory” propertyfor
exponentiatandomvariables.

2 Bivariate Schur-constantsurvival models

Throughoutthis sectionwe let X and Y denoteany two compornts of X, or
equivalentlyweletn = 2 andsetX = (X,Y) andx = (x,)). As before,S denoteghe
commorsurvivalfunctionfor X andY. We first find anecessarandsufficient con-
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dition for Sto satisfy(1.2)for n = 2,i.e.,for §x + y) to be a bivariatesurvival func-
tion.

Lemma 1 Let S[0,] - [0,1] be a continuoussurvivalfunction(i.e., S is contiru-
ous,nonincreasingS0) = 1 and ) = 0). Then§x + y) is a bivariate survival
functionif andonlyif Sis convex

Proof.AfunctionK:[O,oo)2 - [0,]] is a bivariatesurvival functionif andonly if its
marginsk(x,0) andK(0Oy) areunivariatesurvival functionsand K is 2-increasing
l.e.,forany xq, X2, yq, Y2 in [0,00] with X;<X5, y1<V5,

D (%2 %23 V1, ¥2) = KO, Y1) = K(x, Y2) =~ KO, Y1) + K(X2,¥2) 2 0. (2.1)

LetK(x,y) = S(x + y) with Sconvex.SinceK(x,0)= §x) andK(0y) = ), thema-
gins of K aresurvival functions.To showthatK is 2-increasingwe needto show
that

S +Y2) + (X + Y1) < S + Y1) + (X2 +Y2),

I.e.,thatSsatisfieq1.2). Sincethisinequalityholdsif either x5 or y, is infinite, we
assumex, < o andy, <« andlet

= 2% andl-t = 2=
(X2 =X+ (Y2 — W) (X2 =x) + (Y2 —W1)

so that x + vy, =t(X; +yp) + (1-t)(Xo +yo). The convexity of S implies that
S(xg +Y2) < tS(x +yp) +A-1) (X +Yy). Similarly X, +y; = L-1)(x +y1) +
t(X +Y2), sothat S(xp +y1) < (L-t)S(xq + yp) +1S(x2 +Y2); henceS(xg +y,) +
S(xo +y1) < Slx1 +yp) + S[xo+y»),asrequired.

Now assumehatK is abivariatesurvivalfunction,andletO < a<b. Then

0< Ak (a/2,b/2;a/2,/2) = S(@) - 2S((a + b)/2) + S(b),

andhenceS(a+b)/2)<|Sa) +S(b)|/2, thatis, S is midconvex.SinceS is con-
tinuous,it followsthatSis convex. a

In orderto describeéhedependencstructurdor randomvariableswith a Schur-
constanjoint survivalfunction,we needhenotionof acopula A (two-dimensional)
copulais afunctionC: [0,1]2 - [0,1] suchthatC(t,0)= C(0f) = 0 andC(t,1) = C(t,1)
=t for all t in [0,1], and which is 2-increasingin the senseof (2.1), i.e.,
Ac (W, up\p,vp) 2 0forall u, Wy, vq, vo in [0,1]with Ly <u, v1<V,. Copulasare
importantin statistcal modelingsincetheyjoin or “couple” joint distributionsto
theirone-dimensionaiargins,andalsocouplejoint survival functionsto their one-
dimensionamarginalsurvivalfunctions(in this case theterm*“survival copula”is
oftenemployed)In our caseP(X > xY > y) = C(§X),.y)) for somecopulaC. See
Nelsen(1999)for furtherdetails.
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An importantfamily of copulasare the Archimedearcopulas,which havethe
form C(u,\) = ¢[_1] (¢(u)+¢(V)) , Where ¢ (the generatorof C) is a continuous

strictly deceasingunctionfrom [0,1] to [0,0] suchthat¢(1) = 0, andwhere ¢[‘1]
denoteshe pseudo-inversef ¢ given by ¢[‘1] ) = q)_l(t) for t[0,¢(0)] andO
for t > ¢(0). Notethat¢ is the(ordinary)inverseof ¢[_1] on [0, (0)].

Theorem 2 Let X and Y be lifetimes with a Schur-constantsurvival function

Pr(X>x,Y >y)=§x +y) for all xy=> 0. ThenX and Y possess&n Archimedean
survivalcopulawhosegenerator is theinverseof S

Proof. Let¢ = inf{ x|S(x) = 0} (if (x) > O for allx > 0, wesetpy = »). SinceS

is nonincreasingandconvexon [0,.0] with §0) = 1 and§w) = 0, it must be de-

creasingdn [0,0]. Hencethee existsa functiond : [0,1] — [0,], decreasingand
convexwith ¢(0) = ¢ andd(1) = 0, suchthatS¢(t)) = t for all t in [0,1], and

d(S(X)) = min(x$q) for allx= 0. Thus¢ is theinverseof S (on [0,p]) while Sis

thepseudo-inversé! ' of ¢. If eitherxoryis largerthandy, thenSx + y) = 0, so

that

P(X > XY >y) = (x +y) = S(Min(x0) +miny,d0)) = S (S(x) + ¢ (X)))-

Hence P(X > x,Y >y) = C(S(x),S(y)) whereC is the Archimedeancopulagene-

atedby ¢, givenby C(u,v) = S(¢ (u) +¢(v)),u,vin [0,1]. Q
A converseof Theoren? alsoholds.

Theorem3 If U andV are uniform(0,1)randomvariableswhosegjoint distribution

functionis an Archimedearopulawith generatord, thenthe randomvariablesX

=¢(U) andY = ¢(V) havea Schur-constarjbint survivalfunction

Proof. Let$ beadecreasingonvexfunctionfrom [0,1]to [0,0] with ¢(1) = O, and

letU andV be uniform (0,1) randomvariableswhosejoint distributionfunction is
theArchimedea copulaC(u,\) = ¢[‘1] (q)(u) +¢(v)) generatedby ¢. Let X = ¢p(U)

andY = ¢(V). Sinced ™3 (¢(1)) = t for all t in [0,1], the survival functionof X (and
similarly of Y) is givenby

P(X> %)= P(6(U) >x) = P(U <6l () =l ()
for allx> 0. Henced! ™Y is thesurvivalfunctionof X andof Y. Sofor allx,y > 0,
P(X > XY >y) = PO (U) > x,0(V) > ) = P(u <¢plU(x),v <8 (y)),
=ol U (6! Y 00) + o (61 V),
=L (min(x¢ ()) + min(y.$(0))) =07 (x+ ),

thusX andY havea Schur-constanoint survivalfunction. a
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Remark: For any positive constantc, ¢ andcp generatethe sameArchimedean
copula,and hencethereis a one-to-onecorrespondencéetweenbivariate Schur-
constantnodels(moduloa scaleparameterand Archimedeancopulagnote thatif
¢(1) is theinverseof §x), thencd(t) is theinverseof Sx/c)].

In thenexttheoremwe presenproperties of thelifetime proportions X/ (X +Y)
andY/(X +Y),thelifetime ratios Y/ X and X/Y, the orderstatisticsmax(X,Y) and
min(X,Y), the absolutedifference [X - Y| of lifetimes,and the regressiorfunctions
E(YIx) and E(X]y). Theproofis straightforwardandhenceomitted(exceptto note
thatthe convexity of S guaranteeshe existenceandcontinuity of S almostevery-
wherein (0, »)).

Theorem 4 Let X and Y be lifetimes with a Schur-constantsurvival function
P(X> xY >y)=9x+Yy) forall xy= 0. Then

(a) the survival function of the total lifetime X+Yis P(X+Y>t) =
St) -tS(1);

(b) the proportion X/(X +Y) is uniformly distributedon (0,1) and is inde-
pendentfthetotal lifetime X +Y (andsimilarly for Y/(X +Y));

(c) theratio Y/ X has a Pareto distribuion with shapeparameterl (i.e,
P(Y/X > t) = (1+ t)_l) andis independenbf thetotal lifetime X +Y (and
simlarly for X/Y);

(d) for0<s s < t, Pmin(X,Y)>s max(X,Y)>t) = 2S(s+ t) - §2t), hencethe
probability that at least one of X and Y survives beyondtime t is
P(max(X,Y) > t) = 25t) — §2t), and theprobability thatbothX and Y sur-
vivebeyondimet is P(min(X,Y) > t) = S(2t);

(e) theabsolutedifference|X - Y| hasthe samedistributionas X (and V), i.e.,
PX-Y]>1) = St);

(f) theregressiorfunctionsare E(Y|x) =—§x)/S(x) and
E(Xly) ==-S(y)/S(y).

Notethattheregessionfunction E(Y|x) =—§x)/S (x) is thereciprocalof the
hazardfunction (or failure rate)of X, givenby h(x) = —S(x)/Xx), and similarly
for E(Xly).

Example 1 Uniform distributions Let X andY be uniformly distribuedon thein-
terval[0,c] for somec> 0. Then§(x) = max{1- x/c,0), which is convex,andhence

Sx+y) = max(l— (x + y)/c,O) Is a Schur-constanpint survival function. But

sinceS'(x+y) =0a.e.on [0,oo)2, thejoint distributionis singular,with the prob-

ability massuniformly distributedon the line segmenfoining (0¢) and (c,0) in

[O,oo)2. The (Archimedean)copulaof X andY, generatedoy ¢(t) = c(1 — t), is

W(u,V) = max@ + v—1,0).Wis theminimum copula,i.e., for any copulaC, C(u,J)

> W(u,v) for u,vin [0,1].

Example 2 ParetoandWeibulldistributions (a) SupposeX andY havea common
Paretdistributionon [0,0) with shapeparamete6,i.e.,SX) = (1+ X) 0 , 00 (0p0).

Then S(x+y) = (1+x+ y)_e, a bivariate Paretodistribution first studied by
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Mardia (1962). The copulaof X andY, generatedy ¢(t) = e -1,is C(u,y) =

( Y L ) , @ memberof the Clayton (1978) or Cook and Johnson

(1981) family of Archimedeancopulas.(b) SupposeX and Y have a common
Weibull distributionon [0,0) with shapeparameter, i.e., YX) = exp(—xe), o0
(0,1]; andthus §(x+vYy) = expF(x + y)e]. The copulaof X andY, generatecby
o) = (-In¥® is cuy = exp(—[(—mu)]/e +(—|nv)]/e]9), a memberof the
Gumbel(1960)or Hougaard(1986)family of Archimedearcopulas.

3 Correlation, aging, and dependenceproperties

Let X andY satisfy the hypothese®f Theorem2. Sincethe joint distribution of
(X)Y) depend®nly on theunivariatesurvivalfunctionS one might suspecthatcaor-
relation coefficientsanddependenceropertiedor (X,Y) arerelatedto parameters
andagingpropertieof X (or Y) alone Thisis indeedhecase.

Since P(X>x+y) = §x+y) = P(X>xY >y), certain univariate aging
propertieof X (andY) translateinto dependenceroperties for the pair (X,Y). For
example[Caramellinoand Spizzichino(1994)],if X andY satisfy the new worse
thanused(NWU) agingproperty, thenP(X > x) < P(X > x+y|X >y) for all x,y
> 0 (andsimilarly for Y), or equivalently S(x +y) = SX)Sy). But this meansthat
P(X>xY >y) = P(X> x) P(Y>y),i.e.,XandY arepositivelyquadrantdepexul-
ent(PQD),sothattheprobabilitythatX andY simultaneoushhave“long lives” is
greaterthanit would be were X and Y independentSimilarly the new better than
used (NBU) aging propertyis equivalentto the negatively quadrantdependent
(NQD) dependenceroperty.For anotherexample,supposehatX andY possess
andecreasindailure rate (DFR),thatis, P(X > X+ y|X >y) is nondecreasing y
for eachx. Thisimpliesthat S(x +y)/Sly) =P(X > XY > y] is nondecreasingn y
for eachx, which is theright tail increasing(RTI) dependencgroperty.Similarly,
the increasingfailure rate (IFR) aging propertycorrespondgo the right tail de-
creasing(RTD) dependenceroperty.For relatedresults on aging propertiesof
Schur-constardurvivalmodels seeSpizzichino(2001).

To evaluatePearson’sproduct-momentorrelation coefficient p, assumethat
Var(X), Var(Y), andE(XY) existandsetE(X) = E(Y) = p andVar(X) = Var(Y) = o*

A resultof Hoeffding,e.g.Lehmann(1966),implies

E(XY) = [ [ S(x+ y)dydx= [ tS(t)dt = E E(XZ) = %(02 +?),

andhencep = [E(XY) M ]/0 ]/2)(1 uz/c ) Notethatp is function of
thecoefficientof variationa/p for X, which measurethe variability of X relativeto
its magnitudeandthatp > 0 whenevera/p > 1.
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Sincep fails to existwheneveNar(X) fails to exist, wealsofind a nonparametric
measur®f associatiorbetweenX andY, the populationversiont of Kendall's tau.
Sincethe survival copulaof X andY is Archimedearnwith generato, e.g. Genest
andMacKay(1986)andJoe(1997) wehave

t
T=1+4 Of((t)) dt=1-4[_ “X[S ()] %dx.
In Table 1 we presentseveralone-parametefamilies of lifetime distributions
which possesgonvexsurvival functions(Paretoand Weibull from Example2, as
well as Gompertz,power, Beta, and Burr type XlIl) and consequentlysatisfy the
propertiesn theprecedingwo sectionsThetablegivesthe univariatesurvival func-
tion §(x) (thebivariatesurvivalfunctionis §(x +y)), the valuesof the parameter

6 for which § is convex,andthegeneratoip g of the ArchimedeancopulaCy (u,Vv)
= (be (L) +0g (V).
SinceX andY areindependentf andonly if theyareexponentiallydistributed,

thetabk alsogivesvaluesof Pearson’groduct-momentorrelationcoefficientand
thepopulationversionof Kendall’s tau.

Table 1 Examples of lifetime distributions with convex survival functions.

S (X) 00 dg (1) Pearson'p Kendall'st
-9 10 _ d.n.ef<2 1
Pareto @+x) (0) t 1 6 0> T+ 8

Weibull expf-®) 01 (-Iny¥® *) 1-9
Gompertz exp(e(l - ex)) [10) In(1-(Int)/8) noclosedform 2 Ei(-2)t
power ma><(1— & ,0) 0,1 (@- t)]’/e 1—%(1+9)2 1-26

ol e _ 8 _1 _1
Beta(18) [max@-x,0)]° [1) t 5 %
16,9 -6 _,\e 20-1
Burr typeXIl (1+ ) [1,0) (t 1) d.n.e. B+1

with *p = 1- (1/2)[1- (1+(2/8)) B{1+ (1/6),1+ (1/9))]"1, TEi() = I_Xoo e/t dt.

4 Multivariate Schur-constantsurvival models

We now turn to the problemof characterizingmultivarnate Schur-constansurvival
models thatis, finding appropriateconditionson a univariatesurvival function S so
that §(x; +--- + X,,) IS a multivariate survival function for all n = 2. Note that
S(x1+ +xn) is an n-dimensional survival function if and only if

S(d) ul +¢ Un )) is ann-dimensionakurvivalcopulaln Section2 we sawthat
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for n= 2, ¢ generates copulawhenS is decreasingn [0,0(0)] andconvex.Fur-
therconditionson Sarerequiredor n > 2, conditionswhich requirethe notionof a
completelymorotonicfunction.
Definition 1 [Widder(1941)].A functiong(t) is completelymonotoniamn aninter-
val |l if it is continuoughereandhasderivativesof all orderswhich alternatein sign,
l.e.,if it satsfies
« d
=D Wg(t) 20 (4.1)

for alltin theinteriorof | andk=0,1,2;--.

If gis completelymonotonicon[0,0) andg(c) = O for somec > 0, theng must
beidenticallyzeroon[0,0) [Widder(1941)],hencef gis completelymonotonicon
[0,00), theng is postive on [0,0).

In the nexttheoremwe showthatcompletelymonotonicsurvival functionscan
beusedto construch-dimensionalSchur-constardurvivalmodelsfor anyn.
Theorem 5 Let S be a continuousstrictly decreasingunivariate survival function
suchthat§0) = 1. Then §(x; +--- + X,,) is an n-dimensionakurvivalfunction for
all n= 2 if andonlyif Sis completelymonotonian [0,).

Proof. Since §(x; +:-- + x,) canbewritten as S (S(x7)) +--- +$(S(x,))) where
¢ is theinverseof S theresultfollows from survival functionversionsof Theorems

1 and2 in Kimberling (1974). a
If the joint survival function of the random vector (Xi,--,Xp,) is

(X +--+ X)), then S (W) +--- +d(uy)) is ann-dimensionalArchimedeancop-
ula with generator ¢. Furthermore, if S is completely monotonic, then

S(xq +--- +X;y) is absolutelycontinuoudor anyn = 2.

Thefollowing theoremis a generalizatiorto the multivariatecaseof severalof
theresultsin Theoremd.
Theorem6 Let X = (Xq,--+, X) bea vectorof n lifetimes with a commoncom-

pletelymonobnic survivalfunction S and a Schur-constanjpint survival function
P(X >X) = §(xq +---+Xp) forall x = (x,-+,%,) in [0,0)". Then
(a) the survival function of the total lifetime (or “total time on test”) T =
Xy +---+ X, is givenby
n-1 K tk
PM>t)= 5> (-1 "~
K K
(b) forO<s<t,

P(min(X) > s max(X) > t) = § (~D¥*1RES(kt + (n - k)s),
k=1

" d" sy

(K) 4y — r_nyn—-1
W= g

and hencethe probability that at least one X; survivesbeyondtime t
isP(maxX)> 1) = Y1_,(-3¥*13E(ky), and the probability that all X;

survivebeyondimetis P(min(X) > t) = §nt);
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(c) if {x,---,% _} isanon-emptyproper subsetof the componentsf x, andj
O {ig, -,im} » then
E(X %) = =S D0, 4o+ ) /S0, 4o+ )
Proof. (a) Let C denotethe Archimedearsurvival copulaof X and¢ its generator,
andsetU; = X;) fori=1,--n. Then
P(T > 1) = P(S(T) < (1),
= P(C(S(X),+ S(Xn)) < SO),
= P(C(Uy;--Up) < XY),

= Ke (S(1),
where Kc denoteghedistributionfunctionof the randomvariable C(Uy,---,Up).
But

kel d
P e E0
[Barbeetal. (1996)],andthus

Ke()=t+

n-1 K tk (k)
Ke(S) = 3 (<1587 ).
k=0 :
Thesecondorm for P(T > t) is easilyestablishedby induction.

(b) Sincemin(X) >s andmaxX) >twhenall X; aregreaterthans andat least
one X; is greaterthant, theresultis readily establishedy an inclusion-exclusion
argument.

(c) Thisexpressiomeadilyfollows from theconditionalprobability

P(XJ > Xj |X|1 - Xil’“.' xim = X'm)
:_S(m)()(i1+...+xim+Xj)/S(m)(Xi1+...+Xim)_ a

With the hypothese®f Theorem®6, we conjecturethat the lifetime proportion
X /(X +---+ Xp), for kin {1,2,---n}, hasa Betadistribution with parametersl
andn-1,andis indepedentof T = X; +--- + X,.

Noteaddedn proof: C. Genes{personatommuncation) hasproventhe above
conjectureGenestlsonotesthatproofsof parts(a) and(b) of Theorem6 appeatn
GenesandRivest(1993).

Thereis anintermediatecasebetweenthe situationsdiscussedn Section2 (S
decreasin@ndconcave)andin this section(S completelymonotonic).When (4.1)
holdson (04(0)) for k=0,1,-- m, wesaythatSis m-monontonicThe argumentsn
Kimberling (1974) canbe usedto showthatthe m-monotonicityof S is sufficient
for §(x; +--- + X,) tobean-dimensionaburvivalfunctionfor 2< n< m.

Example 3 Beta(19) distributions Let S be the survival function for a Beta(16)

randonvariable,i.e., §(X) = [maxa— x,O)]e ,for 8 > 1 (seeTable1). ThenSis m-
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monotonicfor m= [@ [1+1,andhenceS(x; +--- + X)) = [maxa— Xg=-r— xn,O)]e
is ann-dimensionalSchur-constardurvivalfunctionfor 2< n< [@[1. Thisis the

Schur-constansubfamily of the multivariate Dirichlet distribution in Kotz et al.
(2000).

5 Concluding remarks

Closelyrelatedto Schur-constanfunctions are Schur-convexand Schur-concave
functions.f (x1,y;) and(x»,y,) aretwo pointsin Rz,then(xl,yl) is majorized
by (X2,¥2), written (x1,y1)<(X2,¥2), if X3 +y1 = Xp+yp and max{xy,y;} <

max{Xo,yo} (majorizationis definedin higherdimensionsas well, seeMarshall
andOlkin (1979),Spizzichino(2001)for details).A functionf:Al R%_R is Schur-
convex(-concavg on Aif (X1,¥1)<(X2,y2) impliesf(xq,y1) < (=) f(Xp,y») for any
(X1,¥1), (X5,¥2) in A Functionswhich are both Schur-convexand -concaveare

Schur-constant.

Recently DuranteandSempi(2003) showedthat all Archimedeancopulas(and
manynon-Archimedearopulasas well) areSchur-concavehut only the minimum
copulaWw (seeExample2.1) is Schur-convex(and sinceW is Archimedeanit is
thusthe only Schur-constantopula).However,whenendowedwith maginal sur-
vival functions, Schur-concaveArchimedeancopulasmay yield Schur-concave;
convex,or -constanjoint survival functions.For example,if the Gumbel-Hougaard

copulc';lexr(—[(—lnu)lle + (—Inv)]le]e) is endowedwith Weibull marginalsurvival
functionsS(X) = expEx®) andS(y) = expEy”), thentheresultingjoint survival

— 0 —
functionis F(xy) = expg—[xa/e +y°‘/e] g Sincethelevel curvesof F aregiven

by X010 4 yo‘/e = constan F is Schur-concavéor a = 6 and Schur-convexor a
< 6.

Since,asnotedin theremarkprecedingExamplel, thereis a one-to-onecorre-
spandencebetweenArchimedeancopulasand scale-parameteiamilies of Schur-
constansurvivalmodels,Schurpropertiesnayplaya role in answeng the survival
copulaversionof thefollowing openproblem,e.g.,Alsina etal. (2003):“There are
numeroustatisticalargumentshatareusedto justify the assumptiorof normality.
Are theresimilar argumentshatcanbe usedto justify the assumptin thatthe cop-
ulaof tworandonmvariabless Archimedean?”

(Receivedlanuary2004.AcceptedVarch 2004.)
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